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Abstract
This paper aims to develop an analysis of how ignorance aﬀects the
reasoning activity and is related to the concept of uncertainty. With reference to a simple inferential reasoning step, involving a single piece of
relational knowledge, we identify four types of ignorance and show how
they give rise to diﬀerent types of uncertainty. We then introduce the concept of reasoning attitude, as a basic choice about how reasoning should
be carried out in presence of ignorance. We identify two general attitudes, analyze how they are related to diﬀerent types of ignorance, and
propose some general requirements about how they should aﬀect the reasoning activity. A formalism for uncertain reasoning explicitly including
the diﬀerent types of uncertainty is analyzed in simple examples.

1 Introduction
In artiﬁcial intelligence literature most attention has always been focused on
knowledge, on the analysis of its nature, on its characterization, and on its role in
intelligent reasoning process. More speciﬁcally, in the uncertain reasoning ﬁeld,
knowledge has been advocated as the primitive concept from which the concept
of belief should be derived, as clearly and explicitly stated in [6]. According
to this standpoint, uncertain reasoning is nothing else but a special case of
reasoning with ”certain” knowledge. Certain (logical) reasoning is assumed, in
a sense, as the fundamental and perfect form of reasoning, in relation to which
uncertain reasoning is perceived as an imperfect exception. The goal of this
paper is to propose a diﬀerent point of view about reasoning under uncertainty,
with a particular attention to the role of ignorance. In particular, we emphasize
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the role of ignorance in determining a state of imperfect knowledge. Ignorance
can be generally characterized as lack of knowledge: as we will show, diﬀerent
types of knowledge may be lacking and diﬀerent lacks of knowledge aﬀect the
reasoning activity diﬀerently. The paper is conceptually organized as follows.
First, we show that there exist various types of ignorance. Next we propose
an analysis of how diﬀerent types of ignorance aﬀect the activity of reasoning
under uncertainty, introducing the concept of reasoning attitude. The proposed
ideas are framed in a reasoning formalism, whose behavior is analyzed in some
examples.
2 Types of ignorance
Let us start our analysis by supposing that we are interested in an individual,
say Tom, and that our knowledge base includes just the following relations:
”winged birds ﬂy”, ”liver disease DIS1 requires drug DR1”, ”liver disease DIS2
requires drug DR2”.
2.1

Ignorance about the individual

In order to start any reasoning activity, we need ﬁrst of all some knowledge
about the individual. This knowledge - or, more generally, part of it - may
however be lacking. If we simply ignore if Tom is a bird or a man, we can
not infer anything about Tom. Moreover, our knowledge may also be partially
lacking: for instance we might know that Tom is a bird, but ignore if it is winged
or not, as well as we may know that Tom suﬀers from his liver, but we may
ignore which is the disease that causes such problems.
2.2

Ignorance about the premise

Considering now the premise, we may partially ignore the properties which underlie the relation we are interested in. For instance, being a bird is not a sufﬁcient premise for deducing that an individual can ﬂy. However, we are unable
to enumerate all additional conditions which would be necessary to completely
specify this premise (for instance, we should mention in the premise all the cases
of exceptional birds: penguins, ostriches, etc.). Similarly, we may ignore some
additional conditions that make a drug ineﬀective in restoring health.
2.3

Ignorance about the relation

As far as the relation between the premise and the consequence is concerned,
let us ﬁrst state that such a relation represents, in very general terms, an understanding of an aspect of a speciﬁc domain (the zoological domain for ”birds ﬂy”,
or the medical domain for the other relations considered). Such understanding
is based on other chunks of knowledge concerning the same domain. For instance, the fact that drug DR1 is useful for disease DIS1 is based on the fact
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that chemical components of DR1 contrast the negative eﬀects DIS1 has on liver
cells. However, in many cases such detailed knowledge is lacking. For instance,
a statistical correlation may be detected between a (supposed) cause and an
eﬀect, but there is no clear physical understanding of the causation mechanism.
2.4

Ignorance about the consequence

Finally, also ignorance about the consequence should be considered. If one
veriﬁes that a given premise holds, he is generally interested in all relevant facts
that can be derived from the premise. Of course, this interest is strongly context
dependent; in the case of birds, one can simply neglect, without problems, the
fact that being a bird also implies being feathered or making eggs. But in the
case of drugs, one is very interested in all side-eﬀects they may have, that,
especially for very recent drugs, are often ignored. In such cases, there is a very
strong need of specifying all the consequences of a given premise, and, of course,
it may happen that some of them are ignored.
3 From ignorance to uncertainty
After having provided the above classiﬁcation of diﬀerent types of ignorance,
let us examine how diﬀerent kinds of ignorance diﬀerently aﬀect the reasoning
process and give rise to diﬀerent kinds of uncertainty.
3.1

Ignorance about the individual

Let us consider ﬁrst the ignorance about the properties of the individual, called
I-ignorance for short. Such properties are considered in the matching phase, in
order to verify whether the relation applies to the individual. Let us assume,
for the sake of simplicity, that the choice about the application of a piece of
relational knowledge is two-way, i.e. either the relation is completely applicable
or it is not applicable at all. Therefore, I-ignorance implies that the choice to
apply or not to apply the relation is considered as retractable. For instance, if
one just knows that Tom is an animal, he is not reasonably allowed to apply to
Tom the relation ”birds ﬂy”, but if he later learns that it is a bird, the relation
turns out to be applicable. However, if subsequently it turns out that Tom is a
penguin, the conclusions derived from the incorrect application of the relation
should be retreated.
3.2

Ignorance about the premise

Turning to uncertainty about the premise, called P-ignorance for short, if not
all the conditions which should correctly be included in the premise are known
(or speciﬁed), it happens that, even if an individual matches with the properties
stated in the premise, it is not guaranteed that the relation can be safely applied.
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For instance, if one ignores that drug DR1 is useful for disease DIS1 only in
absence of disease DIS2, DR1 can be prescribed to a patient suﬀering from
DIS1 even if it is known that he suﬀers from DIS2 too. Therapy results or the
acquisition of more detailed knowledge will however show that the prescription is
incorrect, because the relation should not be applied to such an individual. Note
that both I-ignorance and P-ignorance aﬀect the matching between an individual
and the premise of a relation, i.e. involve the applicability of the relation to the
individual. In both cases the acquisition of further knowledge may show that the
relation was not correctly applied to the individual. Therefore, considering their
eﬀect on the reasoning activity, both I- and P-ignorance make uncertain the fact
that a given relation should be applied to a given individual, i.e. they produce
a unique type of uncertainty that concerns the applicability of a relation, called
A-uncertainty for short.
3.3

Ignorance about the relation

Let us consider now ignorance concerning the relation between the premise
and the consequence. This type of ignorance does not involve any more the
individual and solely aﬀects the relations itself. Consider, for example, the
case of a drug to which a positive eﬀect on a given disease was ascribed. If
it is learned that some recoveries, initially ascribed to its chemical properties,
were, in fact, due to a placebo eﬀect, this new knowledge leads to suppress the
relation between the drug and the disease from the knowledge base, as not valid.
In this case not only the application of the relation to some special individuals is
questioned, but the general validity of the relation itself is challenged. Therefore
we call this kind of ignorance V-ignorance, i.e. ignorance aﬀecting the validity of
a relation. V-ignorance produces V-uncertainty, i.e. it makes uncertain the fact
that a given relation should be considered valid and included in the knowledge
base.
3.4

Ignorance about the consequence

Finally, ignorance may concern also the consequence of a relation, C-ignorance
for short. Let us note that this kind of ignorance concerns the fact that one
may fail to identify all the relevant facts entailed by the premise. C-ignorance
produces C-uncertainty, i.e. it makes uncertain that all the relevant deductions
have been drawn in the reasoning process. Therefore, diﬀerently from A- and Vuncertainty, it directly aﬀects the completeness of the reasoning results rather
than their correctness.
In the above discussion we have outlined how diﬀerent types of ignorance
give rise to diﬀerent types of uncertainty. This distinction is, in our opinion,
of fundamental importance for modeling uncertain reasoning, since diﬀerent
types of uncertainty have diﬀerent properties and, most importantly, aﬀect the
reasoning activity diﬀerently, as we will discuss in next section.
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4 Ignorance and reasoning under uncertainty
4.1

Background

Let us now focus on how the various types of uncertainty deﬁned above can
aﬀect the reasoning activity. Before proceeding, it is necessary to better deﬁne
what we mean by reasoning activity, in fact, in presence of uncertainty, at least
two basic interpretations are possible:
• the reasoning activity has the goal of ascribing truth values to propositions, however, due to the presence of uncertainty, such truth values are
defeasible;
• the reasoning activity has the goal of ascribing an uncertainty quantiﬁcation to pairs < proposition, truth value >.
The former interpretation is the standpoint adopted by symbolic approaches,
while the latter is the basic assumption of quantitative approaches.
4.2

Attitudes in reasoning in symbolic approaches

In a symbolic approach when evaluating an inference step in presence of ignorance two basic choices are possible:
• to suspend reasoning, i.e. to renounce to draw any conclusion, until new
knowledge is acquired;
• to carry out inference anyway, admitting however, that it can be subsequently refuted.
In this context, we say that the former choice corresponds to a conservative
attitude while the latter to an evolutive attitude. The choice between the two
attitudes seems very natural in some situations. For instance, in case we just
know that Tom is an animal, we adopt a conservative attitude and renounce
to assume that it could be a bird and therefore that it could ﬂy. On the other
hand, if we know that Tom is a bird, we adopt an evolutive attitude and we are
easily inclined to assume that it is not an abnormal bird and, therefore, that
it can ﬂy. The simple criteria for choosing between conservative or evolutive
attitude adopted in symbolic approaches can therefore be stated as follows:
• In case of I-ignorance, a conservative attitude is adopted; if the available
knowledge about an individual does not allow to match it with the premise,
the relation is not applied.
• In case of P-ignorance, an evolutive attitude is adopted; even if the premise
is not completely speciﬁed, if it matches with the properties of the individual and nothing explicitly prevents the deduction, the relation is applied.
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• The case of V-ignorance can not be dealt explicitly with within the frame of
symbolic approaches. Practically, if a doubted validity relation is included
in the knowledge base, an evolutive attitude is adopted; whereas if the
relation is excluded from the knowledge base, this corresponds to adopt
a conservative attitude. Therefore, in this case, the choice about which
attitude to associate to a relation is actually committed to the person in
charge of building the knowledge base, and is not explicitly dealt with at
reasoning level.
• Finally, in the case of C-ignorance, a conservative attitude is adopted;
only explicitly stated consequences are considered.
4.3

Attitudes in reasoning in quantitative approaches

Let us extend now our analysis to quantitative approaches. Let us consider
a generic quantitative formalism, in which uncertainty quantiﬁcation (say q)
ranges, as it is indeed very usual, over the real interval [0, 1], where 1 represents
intuitively the maximum certainty and 0 the minimum (null) certainty. For
the sake of generality, given a proposition P that may assume the truth values
{true, false}, we assume that uncertainty quantiﬁcation about a proposition
P is represented by a pair [q(P, true), q(P, false)]. Similarly, for a relation R
the complete characterization of the uncertainty about R requires two distinct
quantiﬁcations:
• a quantiﬁcation associated to the fact that R is applicable or not applicable to an individual I, represented by a pair [q(applicable(R, I), true),
q(applicable(R, I), false)];
• a quantiﬁcation associated to the fact that R is valid or not, represented
by a pair [q(valid(R), true), q(valid(R), false)].
The goal of a reasoning step in the frame of quantitative approaches can be
stated as follows: ”Given a relation R and a fact F about an individual I, such
that F matches with the premise of R, derive from the uncertainty quantiﬁcations [q(F, true), q(F, false)], [q(applicable(R,I), true), q(applicable(R,I), false)],
and [q(valid(R), true), q(valid(R), false)] the proper uncertainty quantiﬁcation
[q(G, true), q(G, false)] about a fact G, corresponding to the consequence of
the relation.” Therefore, in order to characterize the reasoning activity, the role
played by six diﬀerent components in determining [q(G, true), q(G, false)] has
to be deﬁned. Let us examine them individually:
• The component q(F, true) represents intuitively the belief degree that F
holds, i.e. that I has the property stated in the premise, therefore the
higher q(F, true) the higher should be q(G, true).
• The component q(F, false) represents intuitively the belief degree that
F does not hold, i.e. that I has not the property stated in the premise
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and, therefore, that the rule does not apply to I. A conservative attitude
is appropriate in this case: if the rule does not apply to the individual
because it has not the required properties, nothing should be inferred
about the consequence. Therefore the higher q(F, true) the lower should
be q(G, true) and q(G, false).
• The component q(applicable(R,I), true) represents intuitively the belief
degree that R is applicable to a generic individual, in other words it represents the certainty that the premise is completely speciﬁed and that there
are no exceptions to the relation. Of course, if the premise is completely
speciﬁed and there are no exceptions, given the premise it is sure that
the consequence holds. Therefore, the higher q(applicable(R,I), true) the
higher should be q(G, true).
• The component q(applicable(R,I), false) represents intuitively the belief
degree that R is not applicable to a generic individual, i.e. the certainty
that the premise is not completely speciﬁed and that the relation admits
(several) exceptions. The role played by this component depends on our
attitude towards exceptions: in a conservative attitude nothing is assumed
about an exception, whereas in an evolutive attitude it is assumed that
if an individual is an exception, the negation of the consequence holds.
Both attitudes make sense, the choice depending mainly on the nature of
the relation at hand and on context dependent conditions. Therefore, in a
conservative attitude the higher q(applicable(R,I), false), the lower should
be both q(G, true) and q(G, false), whereas in an evolutive attitude the
higher q(applicable(R,I), false), the higher should be q(G, false).
• The component q(valid(R), true) represents intuitively the belief degree
that the relation is valid, i.e. that it is founded on a solid understanding
of the domain at hand. Therefore, the higher q(valid(R), true) the higher
should be q(G, true).
• The component q(valid(R), false) represents intuitively the belief degree
that the relation is not valid, i.e. that it could be erroneous and should
be canceled from the knowledge base. In this case a conservative attitude
is appropriate: in absence of the relation itself, nothing can be inferred.
Therefore, the higher q(valid(R), false), the lower should be both q(G,
true) and q(G, false).
Given these general requirements, we propose in the next section a preliminary proposal of a quantitative formalism which is appropriate to model uncertain reasoning taking into account the six uncertainty quantiﬁcations illustrated
above.
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5 A paradigm for reasoning with A- and V- uncertainty
For the sake of simplicity, we assume that facts about individuals are represented
by propositions and that relations are represented in form of if-then production
rules.
5.1

Quantified propositions

First of all, let us introduce the concept of belief: a belief is an evidential
judgement about the credibility of the truth values ({true, false} in the case
of ordinary two-valued logic) assigned to a proposition. Beliefs may assume
values in an ordered set of belief degrees. For the sake of simplicity, we assume
here the real interval [0, 1] as the set of possible belief degrees. It is important
to underline that, in our proposal, the concept of belief degree is related to
the intuitive concept of ”amount of evidence” supporting the credibility that
a certain proposition should have a certain truth value. So, given an available
body of evidence E, belE (P1 , true) = 0 means that there is null (or negligible) evidence supporting the credibility that proposition P1 has the truth value
true, and this is totally diﬀerent from excluding that true is a possible truth
value for P1 . Similarly, belE (P1 , true) = 1 means that available evidence fully
supports the credibility that proposition P1 has the truth value true, and this
is again totally diﬀerent from being absolutely certain that true is the correct
truth value of P1 . If we now consider a proposition and compute the belief
degrees for all its possible truth values, we obtain a global representation of
the uncertainty about which truth value should be assigned to the proposition,
on the basis of the available evidence. Therefore, given a proposition P1 and
a body of evidence E, the belief state of P1 under E, denoted by belsE (P1 ), is
the pair (belE (P1 , true), belE (P1 , f alse), (say (btP1 , bfP1 ) for short). The belief
state represents therefore how much one is authorized to believe in the association between a given proposition and its possible truth values, on the basis of
the available evidence. A proposition accompanied by the relevant belief state
is called a quantiﬁed proposition: more formally, for any proposition P1 , the
pair (P1 , belsE (P1 )) is a quantiﬁed proposition. Intuitively, if we are fully convinced, on the basis of available evidence, that a proposition is true, this will
be represented by the belief state (1, 0), whereas the opposite conviction will
be represented by (0, 1). Moreover we can represent a state of total ignorance
about a proposition (due to a lack of evidence) with the belief state (0, 0), which
indicates the absence of evidence both supporting the value true and the value
false. On the contrary, if we have, for any reason, strong evidences for both the
values true and false, we can represent this contradictory situation by the belief
state (1, 1). Of course, all intermediate situations are possible, since the two
components of a belief state are independent.
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5.2

AV-quantified relations

According to the discussion presented in section 4.3 and to the concepts introduced in section 5.1, given a relation R represented as a production rule if P1
then P2 it is possible to quantify it with a pair of belief states:
• an A-belief state, denoted by A − belsE (R), deﬁned as the pair:
(belE (applicable(R, I), true), belE (applicable(R, I), f alse))
related to the applicability of the rule (also denoted as (btappR , bf appR )
for short);
• a V-belief state, denoted by V − belsE (R), deﬁned as the pair:
(belE (valid(R), true), belE (valid(R), f alse))
related to the validity of the rule (also denoted as (btvalR , bf valR ) for
short).
The pair (A−belsE (R), V −belsE (R)) is called the AV-belief state of the relation
R and denoted by AV − belsE (R). A relation accompanied by the relevant AVbelief state is called an AV-quantiﬁed relation: more formally, for any relation
R, the pair (R, AV − belsE (R)) is an AV-quantiﬁed relation.
5.3

A formalism for reasoning with AV-quantified relations

According to what stated in section 4.3, given a relation R represented through
a production rule if P1 then P2 , a basic reasoning step consists in deriving the
belief state belsE (P2 ) from belsE (P1 ), given the AV − belsE (R). A simple way
of doing this derivation, in accordance with the requirements stated in section
3.3 and adopting an evolutive attitude as far as applicability is concerned is the
following:
btP2 = btP1 • btappR • bvR • (1 − bfP1 ) • (1 − bf valR )
bfP2 = btP1 • bf appR • bvR • (1 − bfP1 ) • (1 − bf valR )
Let us note that the validity of these formulas strongly relies on the assumption
that the two components of a belief state are completely independent. The
intuitive meaning of the proposed formulas can be better appreciated through a
simple example. Consider ﬁrst the case of the relation ”smoke causes cancer”: it
admits (rare) exceptions but is fully valid, therefore assume its A-belief state is
(0.9, 0.1) and its V-belief state is (1, 0). Suppose now it is known with certainty
that Tom is a smoker, i.e. bels(”Tom is a smoker”) = (1, 0) . Using the
above reported formulas it is then possible to derive the belief state bels(”Tom
catch cancer”) = (0.9, 0.1). Therefore, intuitively, we are strongly convinced
that Tom will catch cancer, but we leave also a little space to the opposite
hypothesis. Note also that, since only P-ignorance is present which is associated
to an evolutive attitude, the sum of the components of bels(”Tom catch cancer”)
equals that of bels(”Tom is a smoker”). Suppose now that evidence about Tom
9

being a smoker is not so strong: you just have some reasonable suspects that
he smokes, and, possibly, you have also some clues supporting the opposite
persuasion. Therefore, the belief state about Tom being a smoker is in this case
bels(”Tom is a smoker”) = (0.7, 0.1). Using the above reported formulas it is
then possible to derive bels(”Tom catch cancer”) = (0.567, 0.063). Intuitively,
in this case the presence of I-ignorance, associated to a conservative attitude,
causes a reduction of both components of bels(”Tom catch cancer”) so that their
sum is not preserved through the reasoning step. This reﬂects the fact that,
in a conservative attitude, ignorance aﬀects the amount of belief transfered
to the consequence, whereas in an evolutive attitude it just aﬀects the belief
distribution between the two components. One might wonder why, in this case,
we have a lower belief in the fact that Tom does not catch cancer. This is
however coherent with our concept of belief as amount of evidence and with
the conservative attitude: in fact, we have less reasons to believe anything that
can be derived from the application of this relation. Consider now the (quite
unlikely) case that the fact that smoke is really related with cancer is questioned
by some authoritative scholar. We have therefore a new V-belief state (1, 0.3),
expressing the signiﬁcant contradiction between the two opinions. Considering
again the case where bels(”Tom is a smoker”) = (1, 0), using the above reported
formulas it can be derived that bels(”Tom catch cancer”) = (0.63, 0.07). The
eﬀects of V-ignorance with conservative attitude are analogous to those of Iignorance.
6 Related work and discussion
In approaches based on probability theory, a probability value is associated both
to propositions and to relations, expressed through conditional probabilities in
Bayesian networks [8] or through logical implication relations in probabilistic
logics [7] [1] [5]. Therefore, both uncertainty concerning propositions and relations is represented the same way, actually through a single number. No explicit
speciﬁcation is given about the kind of uncertainty the proposed representation
is intended to capture, even if it seems to be strictly related to the concept of
A-uncertainty.
In possibilistic logic [4], a real number representing possibility or necessity is associated to propositions and to relations (relations are simply propositions of the form ¬P1 ∨ P2 ). Also in this case, no explicit speciﬁcation is
given about the kind of uncertainty the proposed representation is intended
to capture; moreover, the distinction between possibility and necessity, which
is quite clear for propositions, does not seem to carry a deﬁnite and well understood meaning for relations. Consider the example presented in [4]: the
rule ”If John comes tomorrow, it is rather likely that Albert will come” is
represented by (¬comes(John, m) ∨ comes(Albert, m))(N = 0.6), whereas the
rule ”Someone will come to the meeting whose presence may (highly possi-
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bly, but not certainly at all) make the meeting not quiet” is represented by
(¬comes(a, m) ∨ ¬quiet(m))( = 0.8). In these cases the distinction between
the possibility and the necessity of a relation seems to be rather a matter of
subtlety in the use of words than of really diﬀerent concepts, and it is easy to
imagine that, asking diﬀerent persons, they will express almost the same knowledge using diﬀerent words such as: ”If John comes tomorrow, it is possible, but
not certain at all that Albert will come” or ”Someone will come to the meeting
whose presence is highly likely to make the meeting not quiet”. If knowledge
analysis criteria are not speciﬁed, it is rather diﬃcult to avoid the risk of an
imprecise, and possibly even meaningless, use of the formalism.
In Dempster-Shafer theory (D-S theory), uncertainty quantiﬁcation applies
to subsets of the frame of discernment (i.e., a set of exhaustive and mutually
exclusive hypotheses). Uncertainty quantiﬁcation for a subset of the frame of
discernment consists of a pair of real numbers, representing respectively the
belief and the plausibility that the correct hypothesis belongs to the subset.
Uncertainty quantiﬁcation is derived from a basic belief assignment, which associates to each subset a belief mass corresponding to a given chunk of evidence.
When distinct chunks of evidence are available, global uncertainty quantiﬁcation
is obtained through Dempster’s rule of combination. However, as it was clearly
pointed out by [10], ”Representing even simple patterns of generic knowledge in
a D-S framework may become highly problematic”. Diﬀerent ways for representing uncertain knowledge in D-S theory have been proposed, such as associating
basic belief mass to implication relations [12] [3], or associating directly belief
and plausibility to implication relations [10] [11]. In both cases, however, no
diﬀerent representation is provided for propositions and for relations. Turning
now to the concept of attitude proposed in section 3, it should be noted that
this issue has received only very limited attention in the past. In most symbolic
and quantitative approaches to uncertain reasoning, the strategies underlying
the reasoning mechanism adopted are just left implicit, whereas they are a key
factor to verify the suitability of an approach in a given application domain. In
general, it can be recognized that probability theory relies on a strongly evolutive attitude, since, in propagation, probability which is not assigned to an
hypothesis is forced to be assigned to its negation. Possibilistic logic and D-S
theory oﬀer a relaxation of this strong evolutive attitude: both allow the representation of uncommitted beliefs, since necessity (or equivalently belief) of a
proposition and of its negation are not forced to sum up to 1. Therefore, a range
of diﬀerent attitudes could be represented in these approaches by modulating,
in the propagation, the amount of uncommitted belief. However, as far as we
know, this aspect has not been outlined and satisfactorily explored in the past.
Consider for instance Dempster’s combination rule: it implicitly adopts a conservative attitude about the belief ascribed to the whole frame of discernment,
but an evolutive attitude about the belief ascribed to ∅ which is redistributed
among all the focal elements. Let us note that the existence of diﬀerent attitudes suggests the possibility of deﬁning diﬀerent propagation schemes within a
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single representation approach. This way, the automated reasoning mechanisms
should be able to switch from a scheme to another according to the current attitude. This contrasts with the habit of deﬁning an uncertainty representation
and reasoning approach as the combination of a representation and a unique
propagation scheme, considered as generally valid for this representation.
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